1
1. t=tan5x

L lsec?ly = l(1 + tanzlx) =2(1+1¢t?) (*) M1 sec? M1 1 + tan?
dx 2 2 2 2 2
1
. 1 1 sin x 21 1
smx=251n§xcos§x:2 cos §x=2tan§x 1
OS5 X seczzx

2t 1 2t

=2tan—x =

2 21 1+ t2
(1 + tan Zx)

(*) M1 sin24 M1 cos? = 1/sec? A1l both correct (5)

F” 1 1 1 1
—,dx=j dt=2f —dt
0 1+asinx 0 1+alitt2 %(1_'_1/—2) 0 1+2at+t2

M1 full substitution for x, and dx A1l fully simplified (condone incorrect limits)

_o[ 1 d
= fo(l—az)+(t+a)2 t

. d
Using t+a=+vV1—a%tanu, 2 —V1—aZsec?u ,

du

so
1 -1 1+a
57 1 tan — 1 ﬁ 2
J; 1+asinx X ftan_l a_ (1—a2)+(1—-a?)tanu a“sec’u du
A/ 2

1-a

M1 full substitution including limits

—1 1+a
e 1 2 G
= 2[ D ——du=—=[y] a“
tan-1—2_ V1 — a? V1—q? Ttan™

—a2
1—-a2 1-a

1
. 1 1 1 1t . N
or alternatively 2 fo arrar dt =2 [—mtan 1 \/;_‘:lz .’ Orusinga substitution for t + a

2 (t 4 1+a 4 a )
V1 —a? V1 - a? V1 - a?

M1 integration and evaluation Al

tan

2 ) ‘1(t (t 1 1+a tan-1 a ))
= ———tan an (tan™' ——— tan= ' ——
1—a? V1 —a? V1 —a?
1+a _ a
2 4 Vi—a?2 V1—-a?

V1=d2 14 1+a a
V1 —a?2+v1—a?




M1 correct use of compound angle formula

1
2 N
=t e
—a
2, _1<\/1—a_2> 2 Jad-a)(1+a) 2. Vi-a
=———tan = an = an
1-a 1+a 1 — a2 1+a NEp: Vita
(*) A1 (7)
1 1
2" sin™*1 x + 2sin™ x 2" sin™ x (sinx + 2) 2"
I + 21, =f , dx =f , dx =f sin™ x dx
0 2 +sinx 0 2 +sinx 0

Bl

1 1 1
Y _J‘E“ 2y _fi”l—costd B [1 1 ) ]f”_l
3 2—0 smxx—0 5 x = 2x 4smx0—47r
M1 using cos 2x correctly Al
ln 1

2 . ET[
I, + 21, = ) sinxdx = [—cosx]; =1

B1 for getting both

T

1 1
| ji” 1 d 1]7“ 1 1 -2 T T
0= —_—ax = = — - =
2 +sinx 2 1 -2 \/ 6 33
0 0 1+251nx ’1__ I1+

M1 to use previous part Al
/ 1 2 (1 2(1 2 T ) 1 942 8m (9 8 )
=—-T — —2\zm—2——=| | =-m— T———=|————%=]|m—
374 2 3v3 4 3v3 \4 343

M1 combining all Al (8)




sin~1x

2 V==
V1—x2y=sin"tx
(— 1
dx V1i—x2 2 V= V1-x2
A-x)Z—xy=1 (*)
dx
M1 A1l for use of product rule M1 A1l algebraic simplification (4)

Alternatively,

1

_sinTx
T Vi-x2
VI—x?—E——sin~1 x—X
@y _ J1-a? - =22 M1 A1 for quotient rule
dx 1-x
1+xsin_1x
= “1;"2 = 1+x32/ M1 A1l algebraic simplification (4)
1-x 1-x
Alternatively,
I (1-x*"2
Y= i T
3
dy W (1-x%)"2 + sin"!x x(1 —x?)"z M1 A1 for use of product rule
then M1 A1 algebraic simplification as before to obtain required result (4)

k+
Suppose (1 —x )Z — — 2k + 3)xd k+1 —(k + 1)2 a* y = 0 for some particular positive
integer k El
dk+3y dk 2

Then (1 —x )d s —Zxd k+2 - 2k + 3)x k+2 - (2k +3) k+1 —(k+1 = k+1 =0

dk
(1-x*)— k+3—(2k+5)x k+2—(k2+4k+4)d =2 =0

dk
(1—xH)— k+3—(2(k+1)+3)xd 2 ((k+1)+1)"2 - k+1=0
Which is the required result for k+1 M1l Al

d
As (1—x2)£—xy =1
Y oy dy

(1 x)dx2 Zxdx x—> y=0 M1

(1- )dy 3x d—y—y—O which is the result forn = 0 Al



Hence, by PMI, the result is true for non-negative integer n, and thus for positive integer n. E1 (6)
a3 d d d d S
or (1— xz)—i— 202 _3x 2322 _ZY — g whichis the result forn = 1 case
dx dx dx dx dx
. d
Alternatively, (1 — x?) ﬁ —xy=1,

Differentiating n+1 times by Leibnitz

(n+1)n dy
1 -x) L2t (n+1)(~2x )dnﬂ (222 x T2 i+ D12 =0 M1 A4
dant? 2 d™y
o) (1—x)dn+2—(2n+3)xd ——(+1) ——0 Al

2 3
y = y(0) +xy'(0) +=y"(0) + 5y (0) + -

YO =F==0, 1-0 O -0y©0 =150y =1 M
(1 -02)y"(0) —3.0y'(0) —y(0) =0 so ¥"(0) =0 M1

(1-0%)y""(0) — 5.0y""(0) — 4y'(0) =0 so y"'(0) = 22
Similarly y"""’(0) = 0, y"""'(0) = 4222

Soingeneral y@7(0) =0 A1 and y@*D(0) = 22" ()2 A1
Thus, in the Maclaurin series, the general term for even powers ;)fx is zero, and for odd powers of x
()

x 2r+1 221‘ rl 2
is 227 (r1)2 = 270D or+n

or alternatively M1 A1 (6)

2r+1)! r+1)! n!
2 292
y=04+x+0+2x3+0+22x5 40+
3! 5!
2 292
A P T e M1
3! 5!
Soif x=i M1 y=S"Z_ZT_ om0 g
o x=z. Y= 11 V3e 33 anathus
4

- Al (4)



3. piXioipr=pi.0=0 M1
So pi.p;i + 0i-p; +Pi-Pxk + PP =0
By symmetry, p;.p; = p;.px = ;-0 Where i # j,i #k,i #1 Mland p;.p; =1 B1

So 1+ 3p;.p; =0,andthus p;.p; = —% (*) A1 (4)

() Yl (XP)? = Xl (i —x). (i —x) = Xi (i pi — 2x.p; + x.x) = X, (1 = 2x.p; + 1)
M1 Al
=y, 2-2x.p)=8-2x.Y ,pi=8-2x.0=8
M1 (*) A1 (4)
(i) pr.pr=—7 so 0.a+00+1.b=—3 andthus b=—

p2.p2 =1 so a.a+0.0+b.bh =1 andthus a2+§=1,a2=§ a=i¥ and as a is

positive, a = % (*) M1 A1

If P; =(c,d,e) and P, =(f,g,h) ,as pl.pj=—§ forj#1, e=h=—§ Bl

__1 2‘/— 1_ 122 4 __V2
As p,.p3 = 3 3 c+0.d+ 3 T3 T3 5 C= 5. 0=

But p3.p3=1s0 c?2+d?+e?=1,ie. §+d2+%=1, d=i% M1 Al(c) A1(d)

V2 V2 1) (6)

SO P31P4 = (_?Jiﬁl_g

(i) (1) Th,(XP)* = X2, ((r — ). (o —0)" = 4,2 — 2x.p)% = 4 X4, (1 — x.p;)?
M1 A1

=43%% (1 —2x.p; + (x.p)?) =16 — 8x. Xi_  p; + 4 X1, (x. p)? M1
2

=16—0+4<z2+(¥x—§z)2+( vz +§y—§z) + (-2 gy—ng) M1

=16+ 4( x% 42 y + ) = % which is independent of the position of X.

Al A1l (actual value not required, merely independence so may stop
with unsimplified result) (6)



4. (z—e)(z—e ) =22—-2z(e"® +e )+ 1 =122 —2z(cos +isin@ + cos§ —isinh) + 1

M1 M1
=z%2—-2zcosf+1 (*)A1l (3)
If ei® isa2nthrootof —1 then e?2"? = —1 = ¢™*+2MT Wwhere —-n<m<n-—1
2m+1 izmiln
Therefore 6 = T andsotherootsare e 2n ~, -n<m<n-—1 B1,B1 (2)
i2m+177.'
The factors of z2™ + 1 are (z —e ) , n<m<n-1 M1
.1 .1 .3 .3 .2n—1 .2n—1
So z?" +1 = (z - elﬁ”) (z - e_lﬁ") (z - elﬁn) (z - e_lﬁ”) (Z - elT”) (Z —e ' ”)

M1
= (ZZ -2z cos%n + 1) (z2 -2z cos%n + 1) (22 -2z coszz—;ln + 1)
= [1i=1 (zz -2z cosm;—;ln + 1) (*) A1 (3)

() f z=iandniseven, z?"+1=1+1=2 Bl and

n

2k — 1 = 2k — 1 = 2k —1
1_[ (zz — 2z cos T+ 1) = 1_[ (—Zi cos n) = (=20)" 1_[ (cos n)
2n 2n 2n

k=1 k=1 k=1
Bl
n —_
= (—1)"2"(-1)z cos = cos L cosZ - cos 2l M1
2n - 2n o 2n 2n
- n
ie. cosZcosZcost .. cos 2l = (D22 (*)A1 (4)
2n 2n 2n 2n
(ii)
n
, , 2k -1
1+z”=1_[(z — 2z cos n+1)
k=1 2n

But 1+z%" =142z —2z%+2z*—-+22""2) ifnis odd.

2 24 4 2n-2y — (,2 _ 1 2 _ 3 w22 —
So (1+z9)1—z=+2z*—--+2z°" )—(Z ZZCOSZnn+1)(z ZZCOSZnT[-l-l) (Z

27 cos =21 + 1) (22 —2Zcos—m + 1) (Z2 —2zcosX i+ 1) (Z2 —2zcos 2 tn 4 1)
2n 2n 2n 2n
thisterm =z?+1 B1

g2 4 gy g2n=2y — (2 1 2 _ 3 w22 —
Thus (1—2z“+z +z )—(z ZZCOSZnT[-i-l)(Z 22c052nn+1) (z

chosnz—_nzn + 1) (zz - chosnz—tlzn + 1) (zz - chos%n + 1)



If z=1i andnisodd,
1—z2 4z — 4222 =1 -2 +{*— -+ "2 =1+1+-+(-D"'=n B1

and
(ZZ h chosiﬂ + 1) (ZZ - ZZCOS%TI + 1) (Z2 - ZZcoan—_nzn + 1) (z2 - chosnz—‘;zn +

1) (zz - chos%n + 1)

= (~2icos=n) (~2icos =)+ (~2i cos 2 ) (~2i cos 22 ) -+ (~2i cos 2t ) M1
- 207 con ) cos ) - con ) (- con'S2) - (-cos ) -
- 20 (s ) cos o) (s .
= ()12 (D) T ()T (cosn) (cosrr) o (cos ")’ a1
= 271 (cos ) (cos 2m) - (cos ™) AL

So (cos %)2 (cos z_:)z (cosz—:)z (cos (n;)”)z =n.2-(-D (*) A1 (8)




5. (i) g"N =qq™" N =p" El
p divides p™,sop divides qg" N andas p and q are coprime, p divides g"" !N E1

Repeating this argument, p divides g™ 2N , etc. so,p divides N .E1 Letting N = pQ,, we have
q"pQ,; = p™ andso q"Q, = p™ 1. E1 The previous argument yields Q; = pQ, etc.so N = p"Q,

orinin other words N = kp™ as required. El (5)
Soas q"N =p™, q"kp™ = p™, thatis q"k =1 and as q and k are positive integers
they must bothbe 1. El

Thus if YN = s where p and q are coprime, i.e. if it is rational, it can be written in lowest terms,

then q"N = p™ andso q = 1andthus %N isaninteger. E1 Otherwise, VN cannot be written

as SWith p and g are coprime, that is, it is irrational. E1 (3)

(i) As aand b are coprime, and b? divides a®d? , by the same reasoning used in part (i), b®
divides d?. So d? = kb*?, for some integer k . El

As a%d? = b%cP | a®kb®* = b%c? ,so a% = cP. El

As cand d are coprime, and c? divides a®d? , by the same reasoning used in part (i), c? divides
a®. So a® = k'c?, for some integer k', Elso k'c’k =cP? ,Elandthus k'k =1,ie. k=k' =1,
andso d? = b . E1 (5)

If p isa prime factor of d,then p divides d?,sop divides b*. E1 b* = bb*! soifp does not
divide b, p divides b% ! by assumed result, and repetition of this argument leads to a
contradiction. So p is a prime factor of b. E1 (2)

If p™ is the highest power of p that divides d, then p™” is the highest power of p that divides
d? . Similarly, p™@ is the highest power of p that divides b% . E1 Thusas d? = b%, mb = na,

andso b =22 .B1
m

p" divides b, so p™ divides %, so p" divides na . Buta and b are coprime so p™ divides n and

thus p" <n. E1As y* >x fory > 2 if x > 0,then p=1. Thus b isonly divisible by 1 so
b=1.E1

a
a® b a\b _ ¢ . . . . a c .
a®db = p%ch = — = — > (—) = = Thusif r is a positive rational —, such that r" == is
e d b d b d

rational then b = 1so r is a positive integer. E1 (5)



A
Bl

AB < 0A+ OB (Triangle inequality) B1
|z —w| < |z| + |w| (*) B1 (3)
(i) lz=wl?=CZ-wW)(Zz-wWw)"=(EZ-w)(z'—w") M1 use of conjugate & algebra of it
=zz" —wz* —zw* + ww* = |z|? + |w|? — (E = 2|zw|) M1 algebra and substitution
= |z + W|* + 2|zw| — E = (|z| + [w])* - E (*) A1
|z —w|? isreal, (|z| + [w|)? is real, so E is real. E1l

As |z—w| < |z|+ |wl, |z—=w|? < (z] + W])?,s0E = (|z] + |[w|)? — |z —w]|? = 0 as required.

E1 (5)
(ii) [1—zw*? =0 —-zw)A —zw*)* = (1 —zw*)(1 —z*w) M1 as before
=1—zw* —z'w + zz'ww* = 1 + |z|?|w|? — (E — 2|zw|) M1 as before
=1+2|zw| + |zw|? —E = (1 + |zw|)? — E (*) A1 (3)

As E>0, |z|>1,and |w|>1, EQ—|z]>)(1—=|w|?>) =0 M1
Thus E(1 + 2|zw| + |zw|? — |z|? = 2|zw| — [W|?) = 0 M1
Therefore E((1 + |z|lw])? — (Jz] + [w])?) =0 M1
Hence —E(|z| + |w])? = —E(1 + |z||w])? , M1

andso (1+|zwD?(lzl + IwD? = E(Iz| + wD? = (1 + [zwD)?(Iz] + Iw])? — E(1 + [z]lw])? M1

z|+|w|)? z|+|w])?-E z-w|?
and(llll) >(||||) _ |

= Al
A+lzllwD? = (1+|zw])?-E [1—zw*|2
ey . . zZ—w Z|+|w
As all terms are squares of positive expressions, we can square root, to give lz—wl < (z]+w)) as
[1—zw*| = (1+lz[lwl])
required. El

As |z| >1,and |w|>1,|zw*| > 1,andso 1 — zw* # 0 so the division is permissible. E1

The working follows identically if |z]| < 1,and |w| <1 E1(9)



The working for the last part (apart from final mark) may be in reverse order with < signs used. If
so, check carefully that the two E marks are earned and that any implication really is two way.



7. ) E@= (%)2 +3 v

d_E_ dydy 3d_y

dx 7 dx dx? +2y dx M1

_ dy _ : _
=2 Tx (de+ y )— 0 A1 (for all x, not just for x =0)

Thus E(x) is constant,and as y = 1 and % =0,when x=0,E(x) = % Al

wE = (& 1t - rw- (B -3 (@

Thus y* <1 andso |y(x)] <1 (*)A1 (5)

(ii) E(x) = (%)2 + 2 coshv

dE dv d%v dv (d%v dv dv dv\ 2
E—Z aﬁ-}'z smhv— 2 a (F+ smhv)—Z E (—XE)— —2x (a) M1 Al
dE
Thusa <O0forx=0 (*) A1
3+ /3 10

As v =1In3 and Z—Z—O when x=0,E(x) = 0+2 when x =0. B1

w

dE dv\)?2 10

Soas 22 <0for>0, E() = () +2 coshv < 2 forx 2 0. B1
2
Thus 2 coshv < 0 (2) < 2 for > 0,andso coshv(x) < 2 for x =>0. (*) B1(6)
3 dx 3 3
aw 2

(iii) Let E(x) = (E) + 2 (wsinhw + coshw) Bl +B1
dE dw d?*w . aw dw
= 2 e ™ Za(dz+wcoshw+251nhw)

dE . dw . aw\ _ aw? .
So = 2 o (—(5coshx—4smhx— 3)3) =-2 (H) (5coshx — 4sinhx — 3) M1A1

5coshx —4sinhx —3 =15 ex+ze_x—4ex_ze_x—3 =eT—x( 2X — 6e* +9) =eT—x (e*—3)2 m
Thus aE <O0forx=0 Al
dx
dw 1 5
As w=0and o \/_,whenx O,E(x)—5+2—5when x=0. B1

aw? . 5
So (E) + 2 (wsinhw + coshw) < > for=0.

aw

2
Thus 2coshw < 5 (—) — 2wsinhw for>0. B1
2 dx

5 5

2
But (Z—Z) = 0 and wsinhw > 0 so 2coshw < 3 ,i.e. coshw < = for x>0. E1(9)

o



3. Z;l;éezi(a+rn’/n) — ezm(l + ezin'/n + e4irt/n 4ot eZi(n—l)n’/n) B1

. _plim
= g?la (11_e§iﬂ/n) = 0 as the denominator # 0
M1 Al (GP formula) A1 (for 0) E1 (justification of denominator) (5)
d=rcosf+s sos=d—rcosb M1 Al (may legitimately write straight down) (2)
Thus r = ks = k(d — r cos ) M1
Sor=—2 M1 A1
1+k cos B
kd kd , .
= T + T cos@rD where 0 =a+(G—Dn/n,j=1,..,n M1
_ kd kd _ kd(1-kcos@+1+kcosf) _ 2kd
S0 lj " 1+kcos@ T 1-kcos®  (1+kcos6)(1-kcos@)  1-k2cos20 M1A1
B1 (7

—_ k2 2 i— 2
Thus Z?=1lij :Z?=11 K2 cos?(a+(j=Dm/n) _ 1 (n _""? Yr-d(cos2(a +jm/n) + 1))

2kd 2kd
M1 Bl M1 A1
2 2 . .
= ﬁ(n —k?n—k? ReZ}l;(}eZ’(““"/")) M1
—k2
= % as required. (*) A1 (6)



R

_ (R 2 42 _ 2, _
9. V=[ nR t)dt—n[Rt 3]x
M1 A1l Al
3 3
:7-[(%— R2x+x?) =§(2R3 — 3R2x+x3) (*)Al (4)

% TR3p X = §(2R3 — 3R%x + x%)pg —% T R3 psg M1 (must have all three terms) A2 (A1 if

one error)
So 4R3p,(% +g) = (2R3 — 3R?*x + x3)pyg (*) A1 (4)

_lp »_ 3, — 3_ 3p3  R%) _ SR?
Ifx—zR,x—O,Mlso4R ps—(ZR 2R +8)p— 8pA1

andso p; = 332;) Al (3)
Letx=%R+y, M1
5 R3 (v = (2R3 — 3R2 (2 1 ’
then = R (y+g)—(2R 3R (2R+y)+(2R+y) )g M1 A1
5 p35 — 3_3p3_qap2, 4 1p3 3 p2. 3 p 2 3_5p3
Thus 2R3y = g (2R — 2R* - 3R?y + 2R3+ 2Ry + 2 Ry2 4+ 33 -2 1% ) M1 A1
5 3 3 9 2 3 2 3
3 R°y = g(—zR y+ts3 Ry +y ) A1 ft but must have no constant term
So for small y, j)z—lss—lfy A1 ft (from previous line)

and so the period of small oscillations 7 = 21 /% = % /1;7}2 M1 A1 (9)



10. By the parallel axes rule, M1

the moment of inertia about P is % Ma? + Mx? = % M(a? + 3x?) (*)
Al Al (3)
or alternatively, by the parallel axes rule, M1 the moment of inertia about P is
%Maz—Ma2+Mx2=§M(a2+3x2) (*)
Al Al

or alternatively, by integration, the moment of inertia about P is

3qa+x

atx M 24, M [ M 3 _(— 3
f_a+x2au du = — [3]_a+x — ((a+x)° = (—a+x)°) M1A1
= % (a® + 3a’x + 3ax? + x3 + a® — 3a’x + 3ax? —x3) = % M(a? + 3x?) Al

or alternatively, by treating at two rods of length a — x and a + x,

a—x la—x
M(a—x)%+- ——
2q Ma-x)"+3 =2

1 1
3 M(a—x)2=§M(a2+3x2)

M1 Al Al
Conserving angular momentum about P,
mu(a + x) = mv(a + x) +§ M(a? + 3x¥)w M1 A1 A1 Al

where v is the velocity of the particle after impact, and w is the angular velocity of the beam after
the impact.

By Newton’s experimental law of impact (a + x)w —v =eu M1A1

So substituting for v in the angular momentum equation, M1
mu(a + x) = m((a + x)w — eu)(a + x) +§ M(a? + 3x*)w Al
Thus

1
mu(a+x)(1+e) = (m(a +x)%+ 3 M(a? + 3x2)> w

and so
B 3mu(a+x)(1+e)
@= M(a? + 3x2) + 3m(a + x)?

(*) A1 (9)



If m=2M,

6u(a+x)(1+e)

© (a? +3x2) + 6(a +x)?

do 6u(l+e)
dx  ((a? +3x2) + 6(a + x)2)2

. dw
For maximum w, ol 0

B1

(((a2 +3x) +6(a+x)?)— (a+x)(6x +12(a+ x)))

M1 A1

M1

So ((a?+3x2)+6(a+x)?)—(a+x)(6x+12(a+x))=0

Thus ((a? +3x%) +6(a+x)? —12(a+x)? —6x(a+x)) =0

Thatis (a?+ 3x%2) —6(a+x)(a+2x) =0

5a° +18ax +9x* =0 © (a+3x)(5a+3x) =0

1 5
Sox=—-aorx=—-a
3 3

solution method may have been used)

A1l (any correct quadratic

5 . . .
As —a<x<a, x= —sais not a feasible solution.

As

dw —6u(l+e)

dx ~ ((a® +3x2) + 6(a + x)2)?

5 dw 5 1 dw 1
Forx<—=-a, — <0,for——a <x<--a,— >0 ,andfor x> —=-a,
3 dx 3 3 dx 3

. 1
so the maximum w occurs for x = —3a

and is

6u(a+—%a)(1+e)

(a + 3x)(5a + 3x)

dw

— <0,
dx

El

2
6u><§a><(1+€)=4ua(1+e)

w =

<a2+3(—% a)2>+6(a+—% a)

7=

5 =u(l+e)/a
%a2+6xga2 4a

M1 (*) Al (8)



11. The distance of the centre of the equilateral triangle from a vertex is g V3a sing =a Bl

So the extended length of each spring is ﬁ M1 A1l

Thus the tension in each spring is kmg (%_a) = km‘gg;;()s 5) (*Y M1 A1 (5)
Resolving vertically 3T sin8 = 3mg so T sinf = mg M1 A1

Thus Wsin@zmg M1A1 andso k:% B1

fo=" k= (1_g;;)1/2 — 22_‘/; - 22_‘/55 x zig —4/3+6 *)  M1A1 (7)

Taking the point of suspension as the zero level for potential energy,

when 0 = %, gravitational potential energy is —3mga tang

and when 6 = %, gravitational potential energy is —3mga tan% B1 (both terms correct

relative to chosen zero level)

2
n : . .3 (cosg_a> 3 1 2
When 6 = 3 elastic potential energy is EkmgT = Ekmga -1

COSE
3

2
. . .3 1
and when 6 = %, elastic potential energy is Ekmga (cosE - 1) B1 (at least one correct or
6

one third of these for one spring)

Therefore, conserving energy, M1

1

V3

2

2 3
3 2
7 1) + > mV A1l (surds) Al (completely

—3mgav3 + ;kmga = —-3mga—=+ %kmga(

correct)

So V2 =—-2v3ag + (4V3 + 6)ag + %ag - (4V3+56) (% - 1)2 ag M1A1ft

ag(—Z\/§+4\/§+6+%—(4\/§+6)(§—i3+1)>

2
—ag(-2V3+6+2-1%+16-4v3-8+2—¢)

3



12. (i) P(X; =1) =% B1

The total number of arrangements of the As and Bs is arll—;l Bl

The number of arrangements with a B in the (k — 1) th place and an A in the k th place is
(n—-2)!

(a—D!(b—1)! Bl
_ _ (n-2)! nl _ ab
So P(X,, =1) = ooV b = neD for2<k<n B1
a a a . .

EX)=0x(1-2)+1x2=2if i=1 B1

ab ab ab AP
and E(X) = 0x (1- 225 ) + 1 x 0o = 20 if i # 1 B1

b b b+1

E(S) = EELX) =2+ (- D2 =24 2 =200 (*)B1 (7)

(i) a) X,X; = 1 onlyif the first letter is an A, the (j — 1) th letter is a B, and the j th letter is an A.

El
. - (n-3)! n! _ a(a-1)b
This has probability -0 @b = nm-Dn=2) Bl
N — _ a(a—1)b a(a-1)b _  a(a-1)b *
So E(X1X;) = 0 (1 n(n—l)(n—z)) X DD ~ nn-D-2) () B1 (3)

b) X;X; = 1 onlyif the (i — 1) th letter is a B, and the i th letter is an A, the (j — 1) th letteris a B,
and the j th letter is an A. E1

B1

. - (n—-4)! n! _ a(a-1)b(b-1)
This has probability == =/ Z0 = 7e-Dm—2)m—3)

a(a—1)b(b-1) a(a—1)b(b-1)

S0 E(XiX;) = oo ooy - AMd thus i, E(XiX;) = (n—i— 1) o n = B1
_ _ . a(a-1)b(b-1)
andso 375 (Xiv2 E(XiX))) = X3 <(n —imD n(n—l)(n—Z)(n—3)> -

a(a-1)b(b—-1) a(a-1)b(b-1) (n-3)(n-2)

Z?;zz(n —-i—-1) =

T Am-Dm-2)(n-3) n-D)(n-2)(n-3) 2
__a(a-1)b(b-1) %
= T onD (*)B1 (5)
) S2 =YL X2 + X Y 2K X; B1

2y _ @ _ ab _ a(a—1)b a(a—1)b(b-1)
So E(S?%) = —+ (n—1) ey +2(n—2) DD +2 P —



__a(b+1) + 2a(a-1)b+a(a-1)b(b-1) _ a(b+1) | a(a—-1)b(b+1)

- n nn-1) n nn-1) Bl
_ 2 2 — —
Thus Var(s) = a(bn+1) n a(an(lzl_)(lt;+1) _a (Z-Zl-l) _ a(b+1)(71112 a(b+1)) n a(an(izz_;(lle) M1 A1

_ alb+1D(a+b—ab—a) ala—1)bb+1) B alb+1)b(1—a) ala—1Dbb+1)
B n2 nn—1) - n2 nn—1)

_ala-Dbb+1)(n-(n-1)) _ ala—1)b(b+1)
o n2(n-1) T n2(n-1)

(*) A1 (5)

Many of the marks can be implied by later correct expressions, but beware ‘reasoned methods’ that
arise from working round the given answers.



13. a) () 0< f(x) <M andso

Jyodt < [ f®)dt < [ Mdt M1
Thus 0 < [F(O)]§ < [Mt]§ M1
andso 0 < F(x) — F(0) < Mx ,thatis 0 < F(x) < Mx (*) A1 (3)

(ii)

1 L 1
[ 29 F@r@ax =[5 (F@Y], - [ 90 (FG0) ax
0

0

integrating by parts u=g(x), u' =g'(x), v' =2F()f(x), v = (F(x))2 M1 A1

sut [g0(FC0)’]. = gD(FD)Y - gO(FO) = g -0=g() M A1

So

1 1
[ 2900 s = 91 - [ g'60 (FGY
0 0

which is the required result. (*) A1 (5)

b) (i) As kF(y)f (y) is a probability density function,

[k FO)f)dy =1 M1

Using the result of a) (ii) with g(x) = %k , %k =1so k=2 MI1(*)Al (3)

(Note that g(x) = Ak for any choice of A could be used by candidates)

(i) EQr™) = [ y" 2F ) f W)dy < [ y™ 2Myf()dy = 2M [ y™* f(y)dy = 2Miyq
M1 (*) Al

Using a) (i), EQY™) = [} y" 2F()f (0)dy = 2 x 2 x 1" =1 [ 2ny™ (F())"dy

2
=1- nfol y Y (F(y)) dy M1
1 _ 2 1 _ 1
Jy y"HF) dy < [, y" My F(y)dy = M [ y" F(y)dy M1
yn+1
Integrating by parts u=F(y), u' =f(y), v  =y", v= —

1

1
1ynt 1 1
o o i FOIY = b M1

Jyym Foddy = [Fon 2]



So

That is

n —_ —_—
E(Y™) = 1+n+1.un+1 n

Thus

(iii) Hence

So

and hence

nMm

1 1
E(YMN>1- M( e — )
( ) n n+1 n+1.un+1
o (*) A1 (6)

+1

nM nM n
Tt gt — 77 S E(Y™) < 2Mpp4q
n nM
1 to M TS 2Mpy 1 q
M1

RMn+1) —nM]ups, = (n+1) —nM

M+ 2y = (n+1) —nM

- (n+1) _n
br =M (n+2)
Al

n n—1

> —
b=y DM n+1

(*) A1 (3)



